ABSTRACT P. Erdős asked how frequently 2 n has a ternary expansion that omits the digit 2. He conjectured this holds only for finitely many values of n. We generalize this question to consider iterates of two discrete dynamical systems. The first considers ternary expansions of real sequences x n (λ) = ⌊λ2 n ⌋, where λ > 0 is a real number, and the second considers 3-adic expansions of sequences y n (λ) = λ2 n , where λ is a 3-adic integer. We show in both cases that the set of initial values having infinitely many iterates that omit the digit 2 is small in a suitable sense. For each nonzero initial value we obtain an asymptotic upper bound as k → ∞ on the the number of the first k iterates that omit the digit 2.
Introduction
P. Erdős [4] asked the question of when the ternary expansion of 2 n omits the digit 2. This happens for 2 0 = (1) 3 , 2 2 = 4 = (11) 3 and 2 8 = 256 = (100111) 3 . He conjectured that it does not happen for all n ≥ 9, and commented that: "As far as I can see, there is no method at our disposal to attack this conjecture." This question was initially studied by Gupta [12] who found by a sieving procedure that there are no other solutions for n < 4374. In 1980 Narkiewicz [17] showed that the number N 1 (X) of n ≤ X such that the ternary expansion 2 n omits the digit 2 is at most 1.62X α 0 with α 0 = log 3 2 ≈ 0.63092. Later Marcu [16] rediscovered the method of Narkiewicz. The question remains open and has appeared in several problem lists, e.g. Erdős and Graham [5] and Guy [13, Problem B33] .
Here we ask the question of Erdős for iterates of two discrete dynamical systems, one acting on the real numbers and the other acting on the 3-adic integers, with an additional degree of freedom given by a parameter λ specifying the initial condition. In both dynamical systems the parameter value λ = 1 recovers the original sequence {2 n : n ≥ 0} of Erdős as a forward orbit of the dynamics.
The first dynamical system is y → 2y acting on the real numbers, which is a homeomorphism of R that is an expanding map. It produces a sequence of iterates y n = 2 n y 0 starting from y 0 = λ. To obtain integers, we apply the floor operator, obtaining the sequence x n = ⌊y n ⌋; that is, x n = x n (λ) := ⌊λ2 n ⌋, for n ≥ 0.
(1.1)
The expanding nature of this map implies that the integer sequence {x n (λ) : n ≥ 0} contains enough information to uniquely determine the initial condition λ of the iteration; here we consider the ternary expansions of the x n (λ). The second dynamical system is y → 2y acting on the 3-adic integers Z 3 , which is a 3-adic measure-preserving homeomorphism of Z 3 . It produces a sequence of iterates y n = 2 n y 0 starting from the initial condition y 0 = λ. We write y n = y n (λ) = λ2 n , for n ≥ 0, (1.2) In this case we study membership of values y n (λ) in the subset Σ 01 of all 3-adic integers whose 3-adic expansion omits the digit 2.
In the real number case dynamical systems of a related nature have been studied by several authors, with different aims. Flatto, Lagarias and Pollington [8] introduced a parameter λ in similar questions concering the fractional parts of the sequences ⌊λξ n ⌋, with the aim of proving results for the parameter value λ = 1 by proving universal results valid for all parameter values λ > 0. Recently Dubickas and Novickas [3] considered the prime or compositeness properties of integers occurring in truncated recurrence sequences, including ⌊λ2 n ⌋ as a particularly simple case. Dubickas [2] further extends both these results to certain λ that are real algebraic numbers.
In §2 we present results for the real number dynamical system. We first show that there is a uniform asymptotic upper bound valid for all nonzero λ on the number of n ≤ X for which (⌊λ2 n ⌋) 3 omits the digit 2. Let (k) 3 denote the ternary digit expansion of the integer k. holds for all all sufficiently large X ≥ n 0 (λ).
In the complementary direction, the function N λ (X) is not always bounded. We show that exist uncountably many λ > 0 such that the sequence x n (λ) contains infinitely many integers omitting the digit 2 in their ternary expansion. 
having the following property: The set of real numbers Σ(S) consisting of all λ > 0 for which all the integers {x n (λ) := ⌊λ2 n ⌋ : n ∈ S} have ternary expansions omitting the digit 2 is an uncountable set.
The set of exponents produced in this theorem forms a very thin infinite set. One can show that (1.4) implies that for X ≥ 2, its cardinality satisfies
( 1.5) in which log * (X) denotes the number of iterations of the logarithm function starting at X necessary to get a value of smaller than 1. Thus we obtain
We define the truncated real exceptional set E T (R) to be the set of all λ > 0 which have infinitely many x n (λ) whose ternary expansion omits the digit 2. 
has Hausdorff dimension d H (E T (R)) = log 3 2 = log 2 log 3 ≈ 0.63092.
It has positive Hausdorff measure in this dimension.
This result gives a reason why it may be a hard problem to tell whether there are infinitely many exceptional powers of 2 for any particular λ, such as λ = 1. Namely, it is likely a hard problem to decide whether any particular real number belongs to this "small" exceptional set.
For fair comparison with the 3-adic dynamical system below, it is more natural to consider the real numbers y n (λ) = λ2 n without any truncation of their ternary expansion. We define the real exceptional set E(R) to consist of all real λ that have infinitely many full ternary expansions (λ2 n ) 3 that omit the digit 2. The infinite sequence of ternary digits to the right of the decimal point impose further constraints on membership in this exceptional set, compared to E T (R). We formulate the following conjecture.
Conjecture A. The real exceptional set E(R) := {λ ∈ R : infinitely many ternary expansions (λ2 n ) 3 omit the digit 2}
has Hausdorff dimension zero.
In §3 we obtain results for the 3-adic dynamical system. Our first observation is an upper bound on the number of solutions valid for all nonzero λ ∈ Z 3 , which extends the result of Narkiewicz [17] for λ = 1, using essentially the same proof. Theorem 1.4. For each nonzero λ ∈ Z 3 , the 3-adic integers, and each X ≥ 2, 8) with α 0 = log 3 2 ≈ 0.63092.
To study lower bounds, we define the 3-adic exceptional set E(Z 3 ) := {λ ∈ Z 3 : infinitely many λ2 n omit the digit 2}.
(1.9)
We do not know much about this exceptional set, except that it contains 0. We define for k ≥ 1 the sequence of sets
which form a nested family under inclusion,
We consider the problem of estimating the Hausdorff dimension of the sets E (k) (Z 3 ). It is easy to show that E (1) (Z 3 ) has Hausdorff dimension α 0 ≈ 0.63092; the lower bound comes because it contains the set Σ 01 of all 3-adic integers whose expansion omits the digit 2. Here we prove the following result, showing that E (2) (Z 3 ) has smaller, but still positive, Hausdorff dimension. 
This bounds the Hausdorff dimension of E (2) (Z 3 ) between 0.31546 and 0.5. The lower bound makes use of the fact that (2 2 ) 3 omits the digit 2 its ternary expansion. The upper bound 0.5 on this dimension could be lowered slightly with more work. At the end of §3 we obtain a further lower bound 12) using the additional information that (2 8 ) 3 also omits the digit 2 in its ternary expansion. If it were true that there were k different values n ≥ 1 such that (2 n ) 3 omits the digit 2 in its ternary expansion, then one could deduce similarly that Conjecture E. The ternary expansions of the powers {(2 n ) 3 : n ≥ 1} have the property that any given finite pattern P = a 1 a 2 · · · a k of consecutive ternary digits occurs in (2 n ) 3 , for all sufficiently large n ≥ n 0 (P ).
Erdős's original problem is the special case of pattern P = 2. Conjecture E might more properly be formulated as a question, since we present no significant new evidence in its favor.
In §5 we make concluding remarks, raising the question whether the two dynamical approaches can be combined to give more information on Erdős's original problem than either gives separately. We also review some history associated to Erdős's question. This paper casts the original Erdős problem in a more general dynamical context. The question concerning finiteness of solutions then receives a negative answer in the general context, while Theorem 1.4 shows that the best current upper bound for N 1 (X) holds more generally for all (nonzero) initial conditions in the 3-adic dynamical system. The dynamical viewpoint leads to new questions concerning Hausdorff dimension (Conjectures A and B above) which may be approachable. 
Real Dynamical System
We consider the sequence of real numbers x * n := λ2 n . On taking logarithms to base 3 we have log 3 x * n = log 3 λ + n log 3 2. Suppose that we wish to study the initial ternary digits of x n (λ) = ⌊x * n ⌋. This is equivalent to studying the iterates of the map T :
with w n+1 = T (w n ) and w 0 = log 3 λ. Suppose that 3 m ≤ x * n < 3 m+1 and that the first k initial ternary digits of x 
, for some m, where we suppose that n is large enough that m ≥ k − 1. These inequalities hold if and only if log 3 L ≤ w n < log 3 (L+ 1). Since α 0 = log 3 2 is irrational, the map T is an irrational rotation, which is uniquely ergodic. In particular, every forward orbit of iteration of T is uniformly distributed (mod 1), with the convergence rate to uniform distribution determined by the continued fraction expansion of α 0 .
Lemma 2.1. There exists a positive constant c 0 = 13.3 such that for all n ≥ 1, there holds
Proof. The existence of a bound of this general form, aside from the precise constants, follows from A. Baker's results on linear forms in logarithms [1, Theorem 3.1], applied to the linear form Λ = k + n log 2 − m log 3, taking k = 0, noting that its height B := max{|m|, n} ≤ 2n. The particular bound (2.2) is obtained from a result of Simons and de Weger [20, Lemma 12] , who show that for k ≥ 1 and all integers l
Their result is proved using a transcendence result of G. Rhin [18, Proposition, p. 160] for linear forms in two logarithms. We may suppose k < k + l < 1.6k. and obtain
the needed bound. 
one can take
Proof. It is known that if the continued fraction expansion of θ = [0, a 1 , a 2 , · · ·] has convergents pm qm and if N is arbitrary with jq m ≤ N ≤ jq m + q m−1 with 1 ≤ j ≤ a m+1 , then the N + 1 subintervals ("steps") produced by the set {nθ (mod 1) :
Let nθ denote the distance of nθ to the nearest integer, so that − 
are given by
and L 3 = | q m−1 θ |, see Slater [21] . For the special value N = q m+1 − 1 only two values occur, the value L 3 is omitted. It suffices to require that | q m−1 θ | < ǫ. The convergents of continued fractions satisfy
and combining this with (2.3) implies for q m−1 ≥ N 1 that
which establishes (2.4).
Proof of Theorem 1.1. We study for 1 ≤ n ≤ X the ternary expansions of
with c 0 = 0, and m = ⌊nα 0 ⌋, and α 0 = log 3 2. We note that when x n ≥ 3 k the initial k leading ternary digits b j of x n are determined by the real number
in the unit interval, which must satisfy the bounds
That is, the numbers w n are given by iterates of an irrational rotation of the interval, with initial value w 0 = log 3 λ. We note that the interval
The length |J b | of this subinterval satisfies
and it depends on the digits for all k ≥ 2. Now suppose X is given, and let q m−1 ≤ X < q m . We set 3 k−1 ≤ q m−1 < 3 k and we shall study the first k leading ternary digits of x n for 1 ≤ n ≤ X, with the object of showing that at most 8X c 1 of these values have the k leading digits of their ternary expansions omitting the digit 2, for a constant log 3 2 ≤ c 1 < 1.
In the discussion below we shall treat the unit interval as a torus by identifying the points 0 and 1. The unit interval is divided up into N subintervals by the points {w n : 1 ≤ n ≤ N . The effect of the translation by w 0 is to shift the subintervals without changing their number or size. For the very special value N = q m−1 − 1 the interval [0, 1] is divided into N subintervals having two sizes, of length L 1 = | q m−2 α 0 | and
respectively, and L 1 ≤ L 2 ≤ 2L 1 . We conclude that these intervals are proportional in size to
We conclude that each subinterval J b contains at most 6 points of this set. There are exactly 2 k of these subintervals (2.7) that correspond to ternary expansions that omit the digit 2.
We next consider the effect of adding the points {w n : q m−1 ≤ n ≤ X}. The first point added creates a new shortest interval of length |q m−1 θ|. Each successive point added subdivides one of the "long" intervals above, splitting off a subinterval of size | q m−1 θ | from it. This process cycles through all q m−1 such subintervals, then repeats, splitting off a new subinterval of size | q m−1 θ | from it. This cycling will be repeated a m times, followed by an extra q m−2 splitting steps, whereupon the next convergent is reached. Each cycle passes through all of the subintervals present at stage N , of which at most 8 · 2 k touch one of the intervals J b having a ternary expansion omitting the digit 2. The number of such cycles of q m−1 elements gone through up to X is at most
X, so the total number of "bad" elements having a ternary expansion omitting the digit 2 is at most M = (8 ·
Proof of Theorem 1.2. We will construct a rapidly increasing sequence of integers {m k : k ≥ 1} having the form
with each l k ≥ 2k, and an uncountable set of real numbers Σ such that all the numbers λ ∈ Σ have, for each k ≥ 1, the property that the integer M k := ⌊λ2 m k ⌋ has a ternary expansion that omits the digit 1. The members of Σ then inherit the required property for the sequence
necessarily an even integer since all its ternary digits are 0 and 2, whence M k = 2N k , and N k has only digits 0 and 1 in its ternary expansion. Now Σ ⊂ Σ(S), so Σ(S) will be uncountable. We choose each l k to satisfy the condition
this can be done because α 0 = log 3 2 is an irrational number. We set r k := ⌊l k α 0 ⌋, and have
We define the set Σ to consist of all real numbers
where we initalize with d 0 = 1, m 0 = 0 and require that each d k be an integer satisfying 0 ≤ d k ≤ 3 r k − 3 r k −k , subject to the restriction: for each k ≥ 1, the rational number
with denominator 2 m k has the property that the integer
has a ternary expansion [M k ] 3 that omits the digit 1. Note that all members of the set Σ satisfy the bounds
We now show that the conditions above for λ ∈ Σ imply that
for all k ≥ 1. This follows from
We next show that once d 1 , d 2 , ..., d k−1 are chosen, there remain at least 2 r k −2 r k −k−1 allowable choices for d k . Indeed, we then have
and we claim that 0
The left inequality is immediate, and using (2.13) we have
proving the claim. From (2.15) and (2.16) we see that the ternary expansion of λ k−1 2 m k repeats that of M k−1 shifted r k positions to the left, then has a block of at least k zeros, and following this has the ternary expansion of the integer M k−1 (2 l k − 3 r k ). It follows that choosing from the range of values 0 ≤ d k ≤ 3 r k − 3 r k −k , and setting λ k :=
, the integers
can be selected to give all ternary integers which (i) have the ternary expansion matching M k−1 to the left of the r k -th position, (ii) omit the digit 1, and (iii) have at least one 2 and at least one 0 in positions between r k and r k − k. In these k + 1 positions the largest allowed value is 222 · · · 20 and the smallest is 000 · · · 02. We call these allowable values, and there are exactly 2 r k − 2 r k −k such ternary integers M k , constructed by choice of the same number of allowable d k . This completes the construction, by induction on k, and the set Σ obtained is clearly uncountable. It remains to minimize the growth rate of the sequence m k . The constraining factor is finding l k that satisfy the Diophantine approximation condition (2.10). The minimal choice for such an l k will be an even convergent q 2m of the continued fraction expansion of α 0 , such that q 2m > 2 m j +2j+4 ≥ q 2m−2 .
Lemma 2.1 and (2.5) together yield the bound
(We cannot use Dirichlet's principle because we are using a one-sided Diophantine approximation.) Since n k = m k − 1 we obtain the bound
This gives the upper bound. Lemma 2.1 also implies a lower bound to make (2.10) hold, namely that
with c 0 = 13.3. This implies the lower bound in (1.4), which holds for n k = m k − 1 produced in this construction.
Proof of Theorem 1.3. To establish the upper bound d H (E T (R)) ≤ α 0 , we note that the truncated real exceptional set E T (R) has, for each fixed U > 1, and each N ≥ 1,
where
We have 0 < λ2 j ≤ U 2 j , and 2 j = 3 jα 0 . We look at the intervals I b (j) in λ-space which have ternary expansion b. These intervals are each of length 2 −j . Of these at most 2 −⌊jα 0 ⌋ T ≤ 3U 2 jα 0 have ternary expansions omitting the digit 2. Renumbering these particular I b (j) as
Letting N → ∞ makes the covering arbitrarily fine, so we conclude that E([0, U ]) has Hausdorff dimension at most α 0 +ǫ for each ǫ > 0. Letting ǫ → 0 shows E([0, U ]) has Hausdorff dimension at most α 0 . Finally, by letting U → ∞ we conclude that E T (R) has Hausdorff dimension at most α 0 = log 3 2. To establish the lower bound d H (E T (R)) = α 0 , we will show the stronger result that
We adapt an argument given in Falconer [7, Example 2.7, p. 31] for the Cantor set. We consider the subsetΣ of all elements λ which are allowable at every level j of the construction of Theorem 1.2, and we will show it has α 0 -dimensional Hausdorff measure at least 1/16. We show thatΣ has a representation asΣ
in which X s consists of a union of disjoint intervals of size proportional to 3 −s , and the sets are nested: H s+1 ⊂ H s . We first define the sets X s for values s j = ⌊m j α 0 ⌋, where we have 3 s j < 2 m j < 3 s j +1 , and the set X s j is the union of all closed intervals
m k in the construction in Theorem 1.2. Here we have
using the fact that
using (2.10). This also establishes that
Inside each interval at level s j−1 there fit 2 r j − 2 r j −j subintervals at ternary level s j , each of length 2 −m j , and we now know that
The dissection of an interval at ternary level s j−1 into subintervals at ternary level s j is exactly that of the Cantor set, except that the two ends of the interval are trimmed off a small amount, to a relative distance 3 −j from each end of the interval. We now fill in the intermediate levels X s for s j > s > s j−1 by gluing together two intervals that have matching initial ternary expansion [M j ] 3 of M j = λ j 2 m j , disregarding the last s j − s ternary digits of [M j ] 3 , and filling in the space between them. The resulting intervals of X j all have size exactly 3 s j −s 2 −m j (except for two subintervals adjacent to the truncated ends); this size lies between 1 2 3 −s and 3 −s . Also, the gaps between any two adjacent intervals at ternary level s are of size at least
Here we used the fact that the construction uses ternary integers omitting the digit 1; the set of ternary integers omitting the digit 2 is less pleasant, some integers in this set are adjacent, so the gap size would be zero in this case. This defines the dissection X s at level s for all s; this dissection imitates the Cantor set in that each interval at level s contains at most 2 s ′ −s subintervals at ternary level s ′ ≥ s. It may contain fewer subintervals, due to the trimming at ends of the subinterval, but it always contains at least 2 s ′ −s−1 such subintervals.
The setΣ is a compact set contained in the interval [1, 2] . To bound its Hausdorff measure below, we must show that in every covering {U i } by closed intervals there holds
By enlarging the intervals slightly (by 1 + ǫ) and observing that their interiors give an open cover ofΣ, we can extract a finite subcover, and therefore it suffices to prove (2.21) for finite covers {U i } ofΣ by intervals. Given an interval U i in a covering, define s by
Then U i can touch at most two subintervals at level s because they are sepated by gaps of size at least 
. Using the upper bound (2.23), we must have
This gives
which establishes (2.21).
3-adic Dynamical System
We consider the sequence of 3-adic integers, y n = λ2 n , where λ is a given nonzero 3-adic integer. Here y n form the forward orbit of the first order linear recurrence y n = 2y n−1 , with initial condition y 0 = λ. The map T : x → 2x is an automorphism of the 3-adic integers Z 3 , which has each of the sets S j = 3 j Z * 3 for j ≥ 0 as an invariant set (Here Z * 3 are the 3-adic units.) It acts ergodically on each component S j .
We are interested in the possible ways that the orbit {y n : n ≥ 0} can intersect the set
, with each a j = 0 or 1}.
The set Σ 01 is a Cantor set, which has Hausdorff dimension d H (Σ 01 ) = log 2 3 ≈ 0.63092. Theorem 1.4 upper bounds the number of n ≤ X that can fall in the set Σ 01 .
Proof of Theorem 1.4. This result is based on the fact that 2 is a primitive root ( mod 3 k ) for each k ≥ 1. Suppose λ = ∞ j=0 a j 3 j ∈ Z 3 with j 0 the smallest value such that a j = 0. (Each a j = 0, 1, or 2.) It follows that for each j ≥ 1 the first X j = 2 · 3 j−1 iterates y n (λ) := λ2 n have the 3-adic digits from position j 0 through j 0 + j cycle without repetition through all 2 · 3 j−1 possible such 3-adic digit patterns having a j 0 = 0. In particular, exactly 2 j of these patterns omit the digit 2. It follows that for j ≥ 1 and X j−1 = 2 · 3 j−2 < X ≤ 2 · 3 j−1 = X j we havẽ
which is the desired result.
The object of Theorem 1.5 is to establish that the Hausdorff dimension of the 3-adic exceptional set is strictly smaller than that of Σ 01 .
Proof of Theorem 1.5. Suppose that λ2 n 0 and λ2 n 1 with n 0 < n 1 have 3-adic expansions omitting the digit 2. By replacing λ by λ2 n 0 we may reduce to the case that λ itself omits the digit 2, as does λ2 n , with n = n 1 − n 0 . Write λ = ∞ k=0 a k 3 k with each a k = 0 or 1 and 2 n = n−1 j=0 b j 3 j with first two nonzero 3-adic digits in positions 0 and m, say. We now count the allowed digit patterns in the first r digits of an admissible λ, where we will eventually let r → ∞. We look at the pairs of 3-adic digits (a 2jm+k , a (2j+2)m+k ), with 0 ≤ k ≤ m − 1. of λ. There are four allowed patterns (00), (01), (10) and (11) for a 3-adic integer that omits the digit 2. Now write λ2 n = ∞ k=0 c k 3 k , and observe that these 3-adic coefficients satisfy
in which s 2jm+k−1 is determined by the values a l for l < 2jm+k. (It may include "carry digits" from lower terms.) If one value of a 2jm+k = 0 or 1 gives a digit c 2jm+k = 2 it is excluded, and we have eliminated two of the four patterns. In order for both values of a 2jm+k = 0 or 1, to give c 2jm+k ≡ 2 (mod 3), we must have b 0 = 1 and c 2jm+k ≡ 0 (mod 3) when a 2jm+k = 0. In this case changing the value of a 2jm+k between 0 and 1 does not change any "carry digit" to the next term c 2jm+k+1 . In addition, switching the value of a 2jm+k will not affect any subsequent term up to the term c (2j+1)m because b m is the first nonzero coefficient in 2 n after b 0 , and the "carry digits" do not change. Now the term c (2j+1)m+k = a (2j+1)m+k b 0 + a 2jm+k b m + t j , in which t j depends only on the a l with l < (2j + 1)m + k, excluding the value of a 2jm+k = 0 or 1. Now b 0 = 1 and b m = 1 or 2, and we find in either case that for a (2j+1)m+k + a 2jm+k b m with a 2jm+k = 0 or 1 takes all three values (mod 3) at least once. At least one value will give c (2j+1)m+k ≡ 2 (mod 3) and so be excluded. Using this argument, we conclude that the number of allowed patterns for the first r digits is an most 3 r 2 · 2 n . We can therefore cover E (2) by a set of 3 r 2 · 2 n intervals each of length 3 −r . In particular for any fixed ǫ > 0, there will be an r large enough that
Letting ǫ → 0 gives the upper bound. For the lower bound on the Hausdorff dimension, we take 2 2 = (11) 3 and consider the set of admissible λ such that 4λ is also admissible. Any admissible 3-adic integer of the special form λ = ∞ k=0 a 2k 3 2k with each a 2k = 0 or 1 has the property that 4λ = ∞ k=0 a 2k (3 2k + 3 2k+1 ) is also admissible. By inspection this set of λ has Hausdorff dimension 1 2 log 3 2.
Remark. An argument similar to that above shows that
This follows because the set E (3) (Z 3 ) necessarily contains all 3-adic integers E 5 that have at least five zeros between each pair of ones. For any member λ ∈ E 5 has λ, 2 2 λ, 2 8 λ having ternary expansions omitting the digit 2, since 2 2 = 11 3 and 2 8 = 100111 3 . This set E 5 in turn contains all 3-adic integers λ = ∞ j=1 b j 3 j whose expansion has have b j = 0 if j ≡ 0 (mod 6) and b 6j = 0 or 1, and this set has Hausdorff dimension 1 6 log 3 2. In a similar fashion, if we have k different integers n ≥ 0 such that the ternary expansion (2 n ) 3 omits the digit 2, then we have
in which m is the maximal length of any of the ternary expansions (2 n ) 3 in this set. We currently do not have any nonzero lower bound for
Furstenberg Transversality
We now consider connections of Conjectures A and B formulated in the introduction with earlier work of H. Furstenberg [9] , [10] For example, for p = 2 and q = 3, this conjecture asserts that any given pattern of base B = 6 digits will occur as consecutive digits in the base 6 expansion of (2 n ) 6 , for all sufficiently large n. Conjecture E in the introduction proposes that Furstenberg's conjecture continues to hold when the base B = q is a prime (in the special case p = 2, q = 3). More generally one can ask whether Furstenberg's conjecture might be valid more generally for base B expansions for arbitrary B with gcd(B, p) = 1. A main object of Furstenberg [10] was to introduce a notion of transversality of two semigroups of transformations S 1 and S 2 acting on a compact metric space X with respect to a (suitable) dimension function dim(A) defined on all closed sets A. The proof of this result draws on his earlier work ( [9] ). Furstenberg [10, p. 45 ] goes on to conjecture that S p and S q are transverse semigroups acting on Z r .
Conjectures A and B are motivated by Furstenberg's framework but fall outside it. One could approach Conjecture A by considering only the ternary expansions of fractional parts {{λ2 n }}, and thus iterating x → 2x on the compact space X = R/Z. This defines a larger exceptional set E(R/Z), which contains E(R). Does E(R/Z) have Hausdorff dimension zero? This set includes all dyadic rationals (thus λ = 1), which is a dense set in R/Z, so its closure is the whole space X, and is not covered by Furstenberg's results.
Furstenberg's formulation does not apply to semigroups of transformations on the real numbers because R is not compact. We ask: Can Furstenberg's framework be generalized to apply to semigroups of operators acting on the real numbers, or the integers?
Concluding Remarks
Concerning the original Erdős question, the two dynamical generalizations seem to give restrictions on it of roughly equal strength. What is interesting is that they appear to use "independent" information about the ternary expansions of 2 n . To see this, suppose that we restrict our study to a finite number of iterates of the dynamical system, say 1 ≤ n ≤ X. The method used for the real dynamical system estimates the omission of 2 in the log 3 X most significant ternary digits of 2 n , while for the 3-adic dynamical system the method estimates the omission of 2 in the log 3 X least significant ternary digits of 2 n . Heuristically at least, the most significant digits and least significant digits seem uncorrelated; this is the "independence" referred to above. Furthermore, since (2 n ) 3 has about α 0 n ternary digits, the vast number of digits in the middle are not exploited in either method; only a logarithmically small proportion of the available digits in the ternary expansion (2 n ) 3 are used in the two methods.
It is a challenging problem to find a method that effectively combines the two approaches to find better upper bounds on N 1 (X) than that given by Narkiewicz. Can one obtain an upper bound of O(X β ) for some β < log 3 2 in this way? Can one show that the high order digits and the low order digits in the ternary expansion (2 n ) 3 are "uncorrelated" in some quantifiable way? Unfortunately these seem to be difficult problems.
The two conjectures formulated in the introduction asserting Hausdorff dimension zero of exceptional sets seem potentially easier than the original Erdős question. In the opposite direction, concerning the 3-adic exceptional set E(Z 3 ) we do not even know whether it contains any element other than 0. Can one deduce a conditional result saying that if Erdős's question has a positive answer, then d H (E (k) (Z 3 )) = 0 for some finite k?
We conclude by recalling some history related to Erdős's question. Erdős raised his question on ternary expansions of 2 n in connection with his conjecture that the binomial coefficient 2n n is not squarefree for all n ≥ 5. This binomial coefficient is divisible by 4 except for n = 2 k , so it is natural to examine when larger primes divide is not squarefree for all sufficiently large n. About 1995, Granville and Ramaré [11] and, independently, Velammal [22] proved it for all n ≥ 5.
